Abstract. We prove that, for a C ∞ -generic contact form λ adapted to a given contact distribution on a closed three-manifold, there exists a sequence of periodic Reeb orbits which is equidistributed with respect to dλ. This is a quantitative refinement of the C ∞ -generic density theorem for three-dimensional Reeb flows, which was previously proved by the author. The proof is based on the volume theorem in embedded contact homology (by Cristofaro-Gardiner, Hutchings, Ramos) and inspired by the argument of MarquesNeves-Song, who proved a similar equidistribution result for minimal hypersurfaces.
1. Introduction 1.1. Setting. Let Y be a closed C ∞ -manifold of dimension 3, and ξ be a contact distribution on Y . Namely, ξ is an oriented plane field on Y , such that there exists a 1-form λ on Y satisfying (1) ker λ = ξ, dλ| ξ > 0.
Y is oriented so that λ ∧ dλ is positive, and we denote vol(Y, λ) := Y λ ∧ dλ. For each positive integer l, let Λ C l (Y, ξ) denote the set of C l -class 1-forms satisfying (1) . We abbreviate Λ C ∞ (Y, ξ) as Λ(Y, ξ).
Metric and topology on Λ(Y, ξ)
To define a metric and topology on Λ(Y, ξ), we fix an auxiliary Riemannian metric on Y , and define · C ∞ : C ∞ (Y, R) → R ≥0 by
For any λ, λ ′ ∈ Λ(Y, ξ), one can define f ∈ C ∞ (Y, R) by λ ′ = e f λ. Then we define a metric
This metric induces the usual C ∞ -topology on Λ(Y, ξ).
Reeb orbits and currents
For each λ ∈ Λ(Y, ξ), the Reeb vector field R λ ∈ X (Y ) is defined by equations dλ(R λ , · ) = 0, λ(R λ ) = 1.
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Then we define P(Y, λ) := {γ : R/T γ Z → Y | T γ ∈ R >0 ,γ = R λ (γ)}, P inj (Y, λ) := {γ ∈ P(Y, λ) which is injective}, P emb (Y, λ) := {Im(γ) | γ ∈ P(Y, λ)}.
For each γ ∈ P(Y, λ), let ρ(γ, λ) ∈ Aut(ξ γ(0) ) denote the linearized return map along γ of the flow generated by R λ . γ is called nondegenerate if 1 is not an eigenvalue of ρ(γ, λ). λ is called nondegenerate if all elements of P(Y, λ) (including multiple orbits) are nondegenerate. Each γ ∈ P emb (Y, λ) is oriented so that R λ is of positive direction, and we set T γ := γ λ.
A Reeb current of (Y, λ) is a 1-dimensional current C on Y of the form
where a 1 , . . . , a k are positive real numbers, and γ 1 , . . . , γ k are distinct elements of P emb (Y, λ).
In other words,
where Ω 1 (Y ) denotes the space of all C ∞ -class 1-forms on Y . Note that a 1 , . . . , a k , γ 1 , . . . , γ k are uniquely determined from C, up to permutations. C is called nondegenerate if each γ i (1 ≤ i ≤ k) is nondegenerate (strictly speaking, it means that γ i is an image of a nondegenrate element of P inj (Y, λ)).
Let C (Y, λ) denote the set of all Reeb currents of (Y, λ). We also define
1.2. Main Result. Let us state the main result. Let Y be a closed three-manifold, ξ be a contact distribution on Y , and Λ(Y, ξ) be the set of C ∞ -class 1-forms satisfying (1), equipped with the C ∞ -topology.
On any topological space X, we say that a certain property holds for generic x ∈ X if the set of all x ∈ X satisfying this property is residual, i.e. it contains an intersection of countably many open and dense sets.
Indeed, any α ∈ Ω 1 (Y ) can be written as α = β + f λ by some f ∈ C ∞ (Y, R) so that β(R λ ) ≡ 0, which implies C(β) = 0 for any Reeb current C, and β ∧ dλ ≡ 0. Then, (3)
is a quantitative refinement of the C ∞ -generic density theorem for threedimensional Reeb flows, which was previously proved in [4] :
). For generic λ ∈ Λ(Y, ξ), the union of periodic orbits of R λ is dense in Y .
As another corollary we get the following result, which looks closer to the equidistribution result for minimal hypersurfaces by Marques-Neves-Song [8] :
weakly as currents.
where each a k,j is a positive real number, and γ k,1 , . . . , γ k,m k are distinct elements in
where n k and l k,j are positive integers. Since lim
.
Now we can complete the proof with Lemma 1.6 below.
Lemma 1.6. Let (a n ) n≥1 be a sequence of positive real numbers such that inf n a n > 0, and (n k ) k≥1 be a strictly increasing sequence of positive integers. Then there exists a sequence (m k ) k≥1 of positive integers which satisfies the following property:
Let (b n ) n≥1 be a sequence of real numbers and α ∈ R such that
Proof. Let us define a sequence (d k ) k≥1 so that d 1 := n 1 and
Take a sequence of positive integers (r k ) k≥1 so that lim k→∞ a n k +1 + · · · + a n k+1 r k · (a n k−1 +1 + · · · + a n k ) = 0.
Then we set n 0 := 0 and define a sequence (m k ) k≥1 by
It is easy to check that the sequence (m k ) k≥1 satisfies the required property.
1.3. Structure of this paper. The proof of Theorem 1.1 is based on the volume theorem in embedded contact homology [1] , and inspired by the argument in [8] . The argument in [8] , which is based on the volume theorem (or Weyl Law) for the volume spectrum [7] , is a beautiful quantitative refinement of the argument in [5] .
Let us explain the structure of this paper. Section 2 collects some facts from the theory of embedded contact homology. Section 3 gives a proof of Theorem 1.1 assuming Lemmas 3.1, 3.2, 3.4, 3.5. Lemma 3.5 is same as Lemma 3 in [8] . Lemmas 3.1 and 3.2 are proved in Section 4, and Lemma 3.4 is proved in Section 5. Finally, in Section 6 we propose a question which concerns a refinement of the main result.
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Preliminaries from embedded contact homology
In this section we briefly collect some facts from the theory of embedded contact homology (ECH). For further details, see [3] and references therein.
Let Y be any closed oriented three-manifold, and ξ be any contact distribution on Y . 
has a relative Z-grading. Note that such Γ exists, because the fact that Y is parallelizable implies that c 1 (ξ) ∈ 2H 2 (Y : Z). We fix such Γ in the rest of this paper.
For any σ ∈ ECH(Y, ξ, Γ) \ {0} and λ ∈ Λ(Y, ξ), one can define a spectral invariant c σ (Y, λ) ∈ R ≥0 , which was introduced in [2] . The spectral invariant satisfies the following properties:
Volume theorem. Assume that Y is connected, and let (σ k ) k≥1 be a sequence of nonzero homogeneous elements in ECH(Y, ξ, Γ) such that I(σ k+1 , σ k ) = 2 for any k, where I denotes the relative grading. Then, for any λ ∈ Λ(Y, ξ) there holds
Here are some explanations on these properties. Spectrality follows easily from the definition of spectral invariant; see [4] Lemma 2.4. Conformality is straightforward from the definition, and monotonicity follows from cobordism maps between filtered ECH; see [2] . C 0 -continuity is an immediate consequence of conformality and monotonicity. Volume theorem is proved in [1] . Note that there always exists a sequence (σ k ) k≥1 which satisfies the assumption of the volume theorem. This follows from the isomorphism between ECH and a version of Seiberg-Witten Floer cohomology by [9] and subsequent papers, and the corresponding existence result in Seiberg-Witten Floer cohomology by [6] .
Proof of Theorem 1.1 modulo lemmas
In Section 3.1, we state Lemmas 3.1, 3.2, 3.4, 3.5. In Section 3.2, we reduce Theorem 1.1 to the key statement Proposition 3.6, which we prove in Section 3.3.
3.1. Statements of lemmas.
• γ 1 , . . . , γ k are nondegenerate with respect to λ ′ .
Lemma 3.1 is an immediate consequence of Lemma 4.4 which we state later.
Let N ∈ Z >0 , and λ be a C ∞ -section of the bundle π
is equipped with the topology induced from the C ∞ -topology on the space of
Remark 3.3. This lemma is a family version of the well-known fact that a generic element in Λ(Y, ξ) is nondegenerate.
The next lemma computes derivatives of ECH spectral invariants under perturbations of contact forms. This is analogous to part of Lemma 2 in [8] .
We assume that λ τ 0 is nondegenerate and the function
The next lemma is exactly the same as Lemma 3 in [8] , though our notations are slightly different from [8] .
Lemma 3.5 ([8]).
For any δ ∈ R >0 and N ∈ Z >0 , there exists ε ∈ R >0 depending on δ and N, such that the following statement holds true:
For any Lipschitz function f : [0, 1] N → R with max f − min f ≤ 2ε and and a full measure subset
on A satisfying the following conditions:
• f is differentiable at τ j,m for any j ∈ {1, . . . , N + 1} and m ≥ 1.
• For any j ∈ {1, . . . , N + 1}, there exists a limit
3.2. Proof of Theorem 1.1 assuming Proposition 3.6. Let us take a sequence (
Proposition 3.6. Let N ∈ Z >0 , ε ∈ R >0 , and U be any nonempty open set in Λ(Y, ξ).
Then there exist λ ∈ U and C ∈ C (Y, λ) such that
N}).
First we prove Theorem 1.1 assuming Proposition 3.6. For any N ∈ Z >0 and ε ∈ R >0 , let Λ(N, ε) denote the set of λ ∈ Λ(Y, ξ) such that there exists C ∈ C (Y, λ) which is nondegenerate and satisfies (4).
We show that Λ (N, ε) is open and dense in Λ(Y, ξ). Denseness follows from Proposition 3.6 and Lemma 3.1. To show openness, let λ ∈ Λ(N, ε) and take C = 1≤j≤k a j γ j ∈ C (Y, λ) which is nondegenerate and satisfies (4) . Then there exists a neighborhood U of λ in 6 Λ(Y, ξ) and γ j (λ ′ ) ∈ P emb (Y, λ ′ ) for any j ∈ {1, . . . , k} and λ ′ ∈ U , so that γ j (λ ′ ) varies smoothly on λ ′ and γ j (λ) = γ j . If λ ′ ∈ U is sufficiently close to λ, then C(λ ′ ) := 1≤j≤k a j γ j (λ ′ ) is nondegenerate and satisfies (4), thus λ ′ ∈ Λ(N, ε). This completes the proof of openness. Now let us take any sequence (ε N ) N ≥1 of positive real numbers which converges to 0, and consider a residual set
We show that, for any λ ∈ Λ * , there exists a sequence (C N ) N ≥1 of C (Y, λ) which weakly converges to dλ. By λ ∈ Λ(N, ε N ), there exists C N ∈ C (Y, λ) such that
Then for any f ∈ C ∞ (Y, R) and i ∈ {1, . . . , N}, there holds
The last inequality follows from |C N (λ) − vol(Y, λ)| < ε N . Thus we obtain
Since the RHS converges to 0 as N → ∞, we have proved lim
. By Remark 1.2 this shows that (C N ) N ≥1 weakly converges to dλ.
3.3.
Proof of Proposition 3.6. The proof consists of four steps.
Step 1. Take a sequence (σ k ) k≥1 of nonzero homogeneous elements in ECH(Y, ξ, Γ) as in the volume theorem.
For any λ ∈ Λ(Y, ξ) we define
Then the volume theorem implies
The next Lemma 3.7 shows that (γ k ) k≥1 is locally uniformly Lipschitz.
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Lemma 3.7. For any λ 0 ∈ Λ(Y, ξ), there exists c ∈ R >0 which depends only on λ 0 , and satisfies the following property:
Proof. Let us first set
On the other hand, by conformality and monotonicity of ECH spectral invariants,
Hence we obtain |γ
Step 2. We take and fix constants c 0 , . . . , c 3 . We may assume that the diameter of U with respect to d C ∞ is finite. Then we can take sufficiently large c 0 ∈ R >0 so that
Let us take and fix λ 0 ∈ U arbitrarily. Then we take sufficiently large c 1 ∈ R >0 so that
τ j ψ j . Finally we take sufficiently small c 2 , c 3 ∈ R >0 so that
Step 3. Applying Lemma 3.2 to (e τ ·ψ/c 1 λ
satisfying the following conditions:
where c is a positive constant which does not depend on k. • For any j ∈ {1, . . . , N + 1} and m ≥ 1,γ k is differentiable at τ j,m , and λ τ j,m is nondegenerate.
Let us defineγ
• There exists τ ∞ ∈ (0, 1) N such that lim m→∞ τ j,m = τ ∞ for every j ∈ {1, . . . , N + 1}.
• There exists the limit lim m→∞ ∇γ k (τ j,m ) =: v j for every j ∈ {1, . . . , N + 1}, and
By the last condition, there exist a 1 , . . . , a N +1 ∈ [0, 1] such that 1≤j≤N +1 a j = 1 and
Thus when m is sufficiently large, there holds
N}).
Step 4. Now we are going to show that there exists
which completes the proof of Proposition 3.6.
By Lemma 3.4, for any j ∈ {1, . . . , N +1} and m ∈ Z >0 , there exists
On the other hand, direct computations show that, for any τ ∈ [0, 1] N there holds
Thus we obtain
for any i ∈ {1, . . . , N}. On the other hand
For each 1 ≤ j ≤ N + 1, a certain subsequence of (C j,m ) m≥1 weakly converges to an element of C Z (Y, λ τ ∞ ) as m → ∞. Indeed, let
Thus, up to subsequence, we may assume that I(j, m) and a i,j,m (1 ≤ i ≤ I(j, m)) do not depend on m. Also, for each (i, j), a certain subsequence of (γ i,j,m ) m≥1 weakly converges to νγ for some ν ∈ Z >0 and γ ∈ P emb (Y, λ τ ∞ ).
Hence, up to subsequence, we may assume that lim
we obtain
for any i ∈ {1, . . . , N}. This completes the proof.
Proof of Lemmas 3.1 and 3.2
In this section, we give a proof of Lemma 3.2, and note that Lemma 3.1 is a consequence of Lemma 4.4, which appears in the last part of this section.
The proof of Lemma 3.2 consists of four steps.
Step 1. Proof of Lemma 3.2 assuming Lemma 4.1.
is equipped with the natural C l -topology. Now we prove that Lemma 3.2 is reduced to Lemma 4.1 below.
Lemma 4.1. When l is sufficiently large,
Let us prove Lemma 3.2 assuming Lemma 4.1. For any positive real numbers T and δ, let Λ(T, δ) denote the set of λ ∈ Λ N (Y, ξ) such that
Then Λ(T, δ) is open and dense in Λ N (Y, ξ) with the C ∞ -topology; openness is easy and denseness follows from Lemma 4.1. Let us take an increasing sequence (T n ) n≥1 and a decreasing sequence (δ n ) n≥1 such that lim
N | λ τ is nondegenerate} is of full measure.
Step 2. Proof of Lemma 4.1 assuming Lemmas 4.2 and 4.3.
Lemma 4.2. Let us define
Then M has a structure of a Banach manifold of class C l−1 , such that the projection map
For any contact from λ and γ ∈ P(Y, λ), recall that ρ(γ, λ) ∈ Aut(ξ γ(0) ) denotes the linearized return map of the flow generated by R λ . Lemma 4.3. For any θ ∈ (0, 2π) \ {π},
is a submanifold of M of codimension 1. Moreover, setting By (finite-dimensional) Sard theorem, if l ≥ 3, then the union of critical values of projection maps from M I (λ), . . . , M IV (λ) and M 2πj/n (λ) to [0, 1] N is a measure zero set. If τ is a regular value of all these maps, then actually τ is not in the image of these maps (this is because M admits a free S 1 action by rotating parameters, preserving M I , . . . , M IV , M θ and the projection map to Λ
N ) which means that λ τ is nondegenerate.
Step 3. Proof of Lemma 4.2.
For any contact form λ on Y , let (ϕ t R λ ) t∈R denote the flow generated by R λ . Let us consider a map
It is easy to check that E is of class C l−1 . Let O denote the open set in the source of E, which consists of (λ, y, τ, T ) such that
is naturally identified with M . Moreover, using the formula R e f λ = e −f (R λ − X df ) (here X df is a section of ξ defined by i X df dλ = −df ), it is easy to check that
, and the projection ( Let E denote the total space of a Sp(2 : R)-bundle on M defined by
For any θ ∈ (0, 2π) \ {π}, we define a subspace E θ of E by
We also define E I , . . . , E IV ⊂ E in a similar manner.
Let s be a section of E → M defined by s(λ, τ, γ) := ρ(γ, λ τ ). Note that s is of class C l−2 . To prove Lemma 4.3, it is sufficient to check that s is transversal to E θ (θ ∈ (0, 2π) \ {π}) and E I , . . . , E IV . This follows from Lemma 4.4 below and contact Darboux theorem.
To state Lemma 4.4, let λ := xdy + dz be the standard contact form on R 3 , and ξ be the associated contact distribution. Also, let U be an open neighborhood of (0, 0, 0) in R 3 such that (0, 0, −1) and (0, 0, 1) are not in U. We set
For any f ∈ F U , let A(f ) : ξ (0,0,−1) → ξ (0,0,1) denote the linearization of the time-2 map of the flow generated by the Reeb vector field R e f λ .
Lemma 4.4. The map
Proof. By simple computations, one can check
Now the conclusion of the lemma easily follows from this formula.
Remark 4.5. Lemma 3.1 is an immediate consequence of Lemma 4.4.
Proof of Lemma 3.4
We first prove the following simple lemma.
N and γ ∈ P emb (λ τ 0 ) which is nondegenerate. Then there exists a neighborhood U of τ 0 in (0, 1) N and a smooth family of embedded Reeb orbits (γ τ ) τ ∈U such that γ τ ∈ P emb (λ τ ) for every τ ∈ U, γ τ 0 = γ, and
Proof. The first assertion follows from the implicit function theorem. The second assertion follows from Stokes' theorem and dλ τ 0 (R λ τ 0 , ·) = 0. • C j τ ∈ C Z (Y, λ τ ) for any j ∈ {1, . . . , J} and τ ∈ U.
• C j τ 0 = C j for any j ∈ {1, . . . , J}.
• C j τ depends smoothly on τ ∈ U for any j ∈ {1, . . . , J}.
By spectrality, C 0 -continuity, and the assumption that λ τ 0 is nondegenerate, we may assume by replacing U with a smaller neighborhood if necessary.
On the other hand, Lemma 5.1 shows that, for any j ∈ {1, . . . , J}, U → R; τ → C j τ (λ τ ) is differentiable at τ 0 , and
for every i ∈ {1, . . . , N}. On the other hand, we assumed that c σ (Y, λ τ ) is differentiable at τ 0 . Combined with (5), there exists j ∈ {1, . . . , J} such that
for every i ∈ {1, . . . , N}. This completes the proof of Lemma 3.4. 
Question
Let us conclude this paper with the following question.
Let Λ gen (Y, ξ) denote the set of λ ∈ Λ(Y, ξ) which is nondegenerate, and for any distinct elements γ 1 , . . . , γ k of P emb (Y, λ), their periods T γ 1 , . . . , T γ k are linearly independent over Q. It is easy to check that the set Λ gen (Y, ξ) is residual in Λ(Y, ξ).
For any λ ∈ Λ gen (Y, ξ) and σ ∈ ECH(Y, ξ, Γ) \ {0}, there exists a unique element C ∈ C Z (Y, ξ) such that C(λ) = c σ (Y, λ), which we denote by C σ . Namely, C σ is a 1-dimensional current of the form For any sequence (σ k ) k≥1 in ECH(Y, ξ, Γ) \ {0} such that I(σ k+1 , σ k ) = 2 for every k ≥ 1, there holds
where the LHS is the weak limit of currents.
